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Abstract: In this paper, calculus of variations and combined blade element and momentum 
theory (BEMT) are used to demonstrate that, in hover, when neither root nor tip losses are 
considered; the rotor, which minimizes the total power (MPR), generates an induced velocity 
that varies linearly along the blade span. The angle of attack of every blade element is 
constant and equal to its optimum value. The traditional ideal twist (ITR) and optimum 
(OR) rotors are revisited in the context of this variational framework. Two more optimum 
rotors are obtained considering root and tip losses, the ORL, and the MPRL. A comparison 
between these five rotors is presented and discussed. The MPR and MPRL present a remark-
able saving of power for low values of both thrust coefficient and maximum aerodynamic 
efficiency. The result obtained can be exploited to improve the aerodynamic behaviour of 
rotary wing micro air vehicles (MAV). A comparison with experimental results obtained from 
the literature is presented. 
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1 INTRODUCTION 
The increasing interest and efforts devoted to the 
development of smaller, lighter, and more agile 
micro air vehicles is principally focused on fixed, 
rotary, and flapping wing vehicles. According to ref-
erence [1] micro air vehicles (MAV) sometimes are 
also referred to as nano air vehicles (NAV) and the 
frontier between both is not well established. Their 
maximum gross take-off weight is less than 0.2 kg 
and length dimensions are less than 0.15 m. In what 
follows, and because this paper is focused on rotary 
wing vehicles, the acronym MAV will apply to rotary 
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wing micro or nano air vehicles. Rotary wing vehicles 
are particularly well suited for reconnaissance or 
observation missions because they excel at hovering, 
which is the main flight mode of such missions. 
However, aerodynamic forces depend on Reynolds 
number, and it is very well known that MAV operate 
at very low Reynolds numbers (see for instance refer-
ence [2]) at which the aerodynamic efficiency 
severely decreases. Taking this into consideration, 
the maximization of hover performance of MAV nec-
essarily requires the optimization of the rotor design. 
A literature review of the state of MAV developments 
and emerging technological trends oriented to 
improve the flight efficiency of these vehicles can be 
found in reference [1]. 
Helicopter design optimization is a complex issue 
because, among other aspects, the optimization pro-
cess usually involves multidisciplinary objectives 
together with an important number of constraints. A 
literature revision of helicopter optimization was pre-
sented in reference [3] and the following optimization 
problems were reviewed: composite rotors, detailed 
geometry shape, flight mechanics, aeromechanical 
stability, tilt rotor applications, and smart rotor. 
However, the optimization of MAV is not specifically 
addressed in this reference. The aerodynamic shape 
optimization of a rotorcraft has been carried out 
using different aerodynamic modelling of the main 
rotor. Thus non-linear frequency domain method to 
solve the unsteady viscous flow is applied in refer-
ence [4] and a 3D Navier-Stokes solver is used in ref-
erence [5]. Other authors used simpler models, for 
instance a combined lifting-line blade with a pre-
scribed wake and a free-wake models are applied in 
reference [6]. In some cases, even the classic com-
bined blade element and momentum theory 
(BEMT) is used to perform an aerodynamic shape 
optimization of a coaxial rotor, see reference [7], or 
to evaluate new rotor control mechanisms in MAV, 
see reference [8]. An example of the utilization of 
the simplest aerodynamic models, Rankine-Froude 
momentum theory, is applied to predict helicopter 
performance in reference [9]. 
Because MAV have their own particularities, opti-
mization problems involving such vehicles face 
different challenges. One difficulty is the manufactur-
ing process for blades of such a small span and chord. 
Another is that experimental data for airfoils at low 
Reynolds numbers is difficult to source. The analysis 
of the performance of a low (4x10^) Reynolds 
number airfoil [10] indicates that with decreasing 
Reynolds number the profile thickness needs to be 
reduced in order to maintain performance character-
istics. Among other considerations, these aspects 
have led researchers to focus on the development of 
prototypes based on simplistic models to reduce 
computational burden and hence enable efficient 
optimization studies to be conducted. Therefore, in 
most cases, aerodynamic design and optimization of 
MAV have been based on the BEMT despite the fact 
that researchers are aware of the limitations of such 
an approach, as is pointed out in reference [1]. For 
instance, small rotor design optimization using 
BEMT has been recently studied in reference [11]. 
In this investigation, circular arc airfoils were used 
and low Reynolds numbers in a range from 5x10^ 
to 6x10'' were considered. It is well known that at 
these low Reynolds numbers, the aerodynamic effi-
ciency of a conventional airfoil is reduced in compar-
ison to that at high Reynolds numbers [12, 13]. The 
review presented in reference [14] remains the 
basic reference to describe the aerodynamics of low 
Reynolds numbers airfoil. Recently, some efforts to 
experimentally understand the behaviour of the 
wake of a rotor at low Reynolds numbers have been 
carried out. For instance, a detailed high-resolution 
flow visualization of the viscous wake of a rotor oper-
ating at low Reynolds numbers can be seen in refer-
ence [15]. The development of a micro-coaxial 
rotorcraft and its hovering performance are described 
in reference [16]. Moreover, because the small size of 
the blades plays a fundamental role in the 
manufacturing of the rotor, many of the airfoils 
used are of a relatively simple shape, for instance 
the above-mentioned circular arcs, as presented in 
reference [11]. These simple aerodynamic shapes 
exhibit low aerodynamic efficiency, thus further 
emphasizing the need for designing optimum low 
Reynolds number rotors. 
The goal of this article is to provide a mathematical 
framework based on calculus of variations to obtain 
the geometry of the minimum power rotor under the 
classic combined BEMT. Once this framework is 
established, the rotor which minimizes power coeffi-
cient, for a given thrust coefficient, emerges as a nat-
ural consequence of the mathematical theory. This 
minimum power coefficient rotor (MPR) does not 
correspond to the traditional ideal twist rotor (ITR) 
or the traditional optimum rotor (OR) defined by 
most helicopter textbooks. 
Another contribution of this study is to show that 
the MPR tends to the OR when the aerodynamic effi-
ciency is high. If the argument is reversed, it can be 
concluded that for low aerodynamic efficiencies the 
difference between the power required in hover by 
the MPR and the OR can be extremely important. 
This result could play a fundamental role in the aero-
dynamic design of MAV because the aerodynamic 
efficiency of such aircrafts is low enough to underline 
the practical interest of this result. 
Finally, the analysis of optimum blade geometries 
and the corresponding performances including root 
and tip losses is undertaken. This study reveals that 
considering root and tip losses modifies significantly 
the optimum shapes at the blade extremes leading to 
a better manufacturability but worsens the perfor-
mances, as expected. 
2 FORMULATION OF THE OPTIMIZATION 
PROBLEM 
This section is divided into two parts. First, the 
BEMT that describes the aerodynamic power con-
sumption of the rotor is briefly reviewed. Second, 
the application of calculus of variations is used 
to define a family of power-related optimization 
problems. 
2.1 Blade element momentum theory 
As mentioned above, the aerodynamics of a rotor can 
be described using quite different mathematical 
models. These models range from Navier-Stokes sol-
vers at the high end of complexity through to blade 
element and momentum theories at the low level. 
Blade element theory considers the rotor divided 
into aerodynamically independent annular rings. 
The aerodynamic state of every ring is completely 
defined when the induced velocity is determined. 
Momentum theory provides a global description of 
the aerodynamic state of the rotor (actuator disk). 
Applying the momentum balance to a differential 
ring of the stream tube of the rotor, a local version 
of the momentum theory is obtained, giving rise to 
the well-known Froude-Finsterwalder equation, see 
reference [17]. A combination of both differential 
momentum and blade element theories is established 
on the basis that the differential thrust computed by 
both theories must be equal. Following the classic 
textbooks [18,19, 20], the resulting equations are lin-
earized. Finally, the dimensionless expression of the 
equality of differential thrust is 
- X 2 Q ( « ) - 4 X A 2 F ( A O = 0 (1) 
where a is the rotor local solidity, x the dimensionless 
position along the blade length, a the angle of attack, 
Q the lift coefficient, "ki the dimensionless induced 
velocity (positive for upwash), and F(A/) is Prandtl's 
root and tip loss function expressed by 
F(^ 0 2X — cos 7TI exp 
bx 
2~ 
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b]_ 
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X (2) 
where b is the number of blades and XR is the dimen-
sionless root cutout (see reference [20]). 
The angle of attack is related to the blade section 
pitch angle, 6, through the expression a = 6 + ki/x. 
Using these linearized equations the thrust coeffi-
cient, CT, the induced power, CQ^, and the profile 
power, CQ„, coefficients are expressed by 
CT f- x^ Ci(a)dx 
C, Qi 
JXf, ^ 
x^ Ci{a)Ax 
(3) 
(4) 
and 
CQO / ^x^Cd(oc)dx 
JXR ^ 
(5) 
where Q is the drag coefficient. Once the shape and 
aerodynamic characteristics of a rotor are defined, 
that is, solidity, pitch angle, lift, and drag coefficients, 
the BEMT equation (1) yields the induced velocity 
radial distribution, A/(x), and using equations (3), 
(4), and (5) the global coefficients CT, CQ^, and CQ„ 
are computed. 
2.2 Variational framework 
Following the well-known theory of calculus of 
variations, see reference [21], let us consider the 
following family of optimization problems: deter-
mine the set of control functions X/(x), i = 1 , . . . , n, 
such that minimizes the functional 
J[Xi] f L(Xi,x)d> 
JXR 
(6) 
subject to the constraint of a given thrust coefficient, 
CT 
CT 
being 
[ M(Xi, 
Jxt, 
x)dx 
M(Xi,x) = -x^Ci(a) 
(7) 
(8) 
and the algebraic constraint imposed by equation (1) 
at each annular ring 
N(Xi, X) = - X 2 Q ( « ) - 4xF(A0A? = 0 (9) 
where L{Xi, x) is the objective function which has usu-
ally been related to some part of the power consump-
tion of the rotor, for instance induced one, profile 
one, or other combinations. 
Depending upon the optimization problem, the 
control functions X, are usually related to the shape 
of the blade required to optimize the objective 
function and the radial distributions of certain aero-
dynamic parameters. In our case, these control func-
tions could be the dimensionless induced velocity, 
kiix), the pitch angle, 6{x), and rotor solidity, cr{x); 
although in the following analysis, the pitch angle is 
substituted by the angle of attack a{x) of the blade 
elements. BEMT considers the aerodynamic state of 
a blade element independently of other blade ele-
ments - in other words there are no differential equa-
tions that govern the evolution of the variables along 
the blade span - and as such there are no state vari-
ables in this type of variational problem (for a more 
detailed discussion, see reference [21]). 
Using standard calculus of variations, the problem 
is transformed by changing the integral constraint (7) 
to the following differential constraint 
d C r 
dx 
M{Xi,x)- CT{XR) = 0, Cr ( l ) = Cj (10) 
a n d by adjoining the differential a n d algebraic con-
straints wi th their co r re spond ing Lagrange mult ipl i -
ers, fi a n d V, t h e following a u g m e n t e d p r o b l e m is 
defined 
nxi] f L(Xi, x) + IX M(Xi,x) dCr dx 
+vN(Xi,x)]dx (11) 
wi th N[Xi,x) given by equa t ion (9). The variat ional 
Hami l ton i an of the a u g m e n t e d p r o b l e m is defined 
by: H{Xi, ii, v, x) = L(Xi, x) + iiM{Xi, x) + vN(Xi, x), 
a n d by in tegra t ing the t e r m /xdCr/dx by par ts , t he 
a u g m e n t e d p r o b l e m can b e wri t ten as 
J*[Xi] -IX(1)CT(1) + I4XR)CT(XR) 
rl r 
/ 
H(Xi,ix,v,x)+-^CT dx (12) 
The first var ia t ion of t h e a u g m e n t e d functional, SJ*, 
w h e r e 8 s t ands for variat ion, can b e wri t ten as 
SJ* 
-(M^Cr)l^^i 
dH f 
JXR 
(PLSCT 
dfi 
dCr dx SCT • 
dH 
dXi 
SXi dx (13) 
To min imize t h e funct ional /*, its first var ia t ion m u s t 
b e equa l to zero, tha t is, SJ* = 0. This c a n only h a p p e n 
if t he set of Euler -Lagrange equa t ions of the calculus 
of var ia t ions are fulfilled, tha t is 
dfi 
dx 
dH 
9X/ 
dH 
'9CV 
0, 1,. ,, n 
(14) 
(15) 
toge ther wi th t h e fact tha t the var ia t ions of the th rus t 
coefficient at t he b o u n d a r y condi t ions , SCT\X=I a n d 
SCT\X=XR> are b o t h zero because the values at t he 
bounda r i e s , t ha t is CT(XR) = 0 a n d Cr ( l ) = CT, are 
b o t h prescr ibed in equa t i on (10). 
Since dH/dCr = 0, equa t ion (14) yields a cons t an t 
value for t h e Lagrange mul t ip l ier /x. Finally, t he Eu le r -
Lagrange equa t ions toge ther wi th b o t h differential 
a n d algebraic const ra in ts , yield the two-po in t b o u n d -
ary-value p r o b l e m defined by equa t ions (9) (10), a n d 
t h e set of n equa t ions 
dL 
• ^ l 
dM dN 
h V 
dX dX 
0, 1 (16) 
w h e r e L d e p e n d s o n the par t icular op t imiza t ion 
p r o b l e m tha t is cons idered , bu t M a n d N are given 
by equa t ions (8) a n d (9) for all of the op t imiza t ion 
p r o b l e m s analysed in this paper . This two-po in t 
boundary -va lue p r o b l e m provides n+2 equa t ions to 
solve the n o p t i m u m control funct ions, X/(x), a n d t h e 
two Lagrange mult ipl iers fi a n d v[x). For the m o r e 
general case cons ide red here , t he control funct ions 
Xi in (16) are the radial d is t r ibut ion of i n d u c e d 
velocity, Xi = A,{x), t he radial d is t r ibut ion of angle 
of attack, X2 = a{x), a n d the radial d is t r ibut ion of 
local solidity, X3 = a{x). Consider ing these definit ions, 
equa t ions (16) are par t icular ized as 
dL 
dXi 
• 4xkiV 2F(Xi) + Xi dF(ki) 
dki 
0 
1 dL 
da 2 
dL 1 
ax (pL — v) dCi(a) 
da 
x^iix - v)Q(a) = 0 
(17) 
(18) 
(19) 
wi th F[X^ given by equa t ion (2). 
3 DETERMINATION OF OPTIMAL HOVERING 
ROTORS 
In w h a t follows, t h e m a t h e m a t i c a l formula t ion pre -
sen ted in sect ion 2 is appl ied to ob ta in the char-
acterist ics of t h e ideal twist rotor, ITR, the o p t i m u m 
rotor, OR, a n d t h e m i n i m u m power coefficient rotor, 
MPR. Finally root a n d t ip losses are inc luded in t h e 
op t imiza t ion process , a n d two addi t ional o p t i m u m 
rotors are obta ined, t h e ORL a n d MPRL, w h e r e L 
s t ands for ' root- t ip losses inc luded ' . 
3.1 Ideal twist rotor wi thout root-t ip losses 
The t radi t ional ITR is defined as t h e ro tor wh ich 
min imizes the i n d u c e d power coefficient CQ^, for a 
given th rus t coefficient CT, a n d for cons t an t solidity, 
a (see reference [19]). In this case t h e objective func-
t ion L is 
-ki-x^Ci{a) (20) 
Only two control funct ions, Xi = A,{x) a n d X2 = a{x), 
are considered, s ince the ro tor local solidity is by 
definit ion cons tan t . In t h e ITR analysis, ne i ther root 
no r tip losses are considered, a n d therefore F[X^ = 1 
a n d dF{ki)/dki = 0 in equa t ion (17). Observe tha t 
equa t ion (19) does n o t apply he re s ince a is cons tan t . 
Taking in to accoun t equa t i on (20), express ion (18) 
is fulfilled wheneve r /x — v — ki = 0 a n d / o r Q „ = d Q / 
da= 0. Since in t h e analysis of the ITR, l inear aerody-
n a m i c s is cons idered , the angle of a t tack is a s s u m e d 
to b e be low the value co r r e spond ing to m a x i m u m Q. 
Therefore Q,„7^0 a n d the chosen solut ion for (18) is 
IX — V — ki = 0. The Lagrange mul t ip l ier /x c a n be 
wri t ten as 
CT 
" 2y2(l-x|) 
and the induced velocity is 
Xi 
Ci 
2 ( 1 - x ^ ) 
(21) 
(22) 
which, as is well known, is independent of the radial 
position X. 
In what follows, the usual analysis included in most 
common helicopter text books is applied to obtain 
the geometrical characteristics of the rotor as well 
as the induced and profile power coefficients. These 
parameters will be used later on for comparison pur-
poses. The angle of attack is a = 4Cr[(l— xj^jaCia^T^ 
and taking into account that 6(x) = a(x) — kt/x, the 
pitch angle distribution of the ITR is obtained as 
e(x) 
cr Q,„(l (23) 
Then, considering that the drag coefficient can be 
expressed as Q = o^ + ^i« + 2^«^ > by using equa-
tions (4) and (5), the induced and profile power 
coefficients are expressed as functions of thrust 
coefficient by 
(24) CQ,= 
and 
CQB = 
1 c/ 
V2(l-4) 
crSo 
8 1-4 
48 
"3^0 
-(l-xlf)at-
-I" • XJJ)Q!(-
(25) 
where at is the angle of attack at the blade tip, i.e. 
a = 4Cr[(l — X | ) ( T Q J " \ Therefore, the traditional 
result for the ITR is reproduced. Observe that at and 
a must satisfy this relation for the rotor to provide the 
given CT- Particularizing expressions (22), (23), (24), 
and (25) for Xjj = 0, the usual formulation of the 
induced velocity, the pitch angle and the induced 
and profile power coefficients of an ITR are obtained, 
when neither root nor tip losses are considered in the 
optimization. 
3.2 Optimum rotor without root-tip losses 
The traditional OR is defined as the rotor that pre-
sents minimum induced power coefficient and, 
superimposed to this condition, also presents mini-
mum profile power coefficient (see reference [19]). 
The variational problem associated to this definition 
must then be stated in two steps. First, the minimi-
zation problem of CQ^ and second, the minimization 
of CQ„ taking into account the relations obtained for 
ki(x), a(x) and a(x) in the minimization of the 
induced power coefficient (first step). 
On the one hand, the control functions in this 
problem are Xi(x) = ki(x), Xzix) = a(x), and X^ix) = 
(T(X); and on the other hand, the function L is identical 
to equation (20) but now a{x) is a control function. 
This fact makes it necessary to consider equation (19) 
in the problem. 
Provided that neither Ci(a) nor dCi(a)/da are zero, 
the solutions v = /x — kt and kt = 2/x/3 are obtained 
(observe that it has been established in section 2.2 
that the Lagrange multiplier /x must be constant). 
Therefore, the well-known condition of constant 
induced velocity for arbitrary minimum induced 
power rotors in hover is obtained. The exact value 
for ki is again the result for the induced velocity 
given by equation (22). On the other hand, equation 
(9) can be rewritten as 
xo-Q(a) = 8kj = 4Cr( l - x^) 2 \ - l (26) 
which is the well-known relation for minimum 
induced power rotors in hover (see reference [19]). 
Observe that this condition leads to the ITR when 
constant solidity and linear dependence for Ci(a) 
versus a is assumed. However, for an arbitrary mini-
mum induced power rotor, no final conclusion can be 
stated separately for a(x) or a(x) radial distributions, 
except that they must satisfy equation (26). 
When stating the variational problem of minimiza-
tion of the profile power coefficient, CQ„, relation (26) 
establishes a dependence between the two remaining 
control functions in the problem {cr(x) and a(x), 
observe that the third one, ki (x), has been already 
determined in the first step). Therefore equation 
(26) must be used to redefine the minimization 
problem of CQ„ in terms of only one control function. 
In this case X2(x) = a(x) is selected. The functional is 
now given by 
J[a(x)] A«2 x^ Q(Q!)dx 
- 2 C r ( l - x ; 
Jxt, 
(Q!)x^dx (27) 
where K{a) is the aerodynamic efficiency of the 
blade section, and no additional restrictions must 
be considered. The minimization of equation (27) 
gives rise to 
da & ) 
0 (28) 
Result (28) implies that the inverse of the aerody-
namic efficiency must be minimum, and therefore 
all the blade sections must operate at the optimum 
angle of attack, that is a = ojopt, which is the tradi-
tional result for the OR. The optimum solidity can 
be written as 
Or(x) : ACi 
Q,opt(l ~ ^R)^ 
(29) 
where C o^pt = Q(«opt)- The optimum pitch angle dis-
tribution is 
e(x) (30) 
and using equations (4) and (5), the induced power 
coefficient results are equal to equation (24) and the 
profile power coefficient, as a function of the thrust 
coefficient and the maximum aerodynamic effi-
ciency, Kmax, is 
CQB 
2 Cr(l - x | ) (31) 
where iCmax = Q,opt/Q,opt and Cd,opt = Q(Q!opt). 
Observe that these results depend only on the values 
of Q opt> "opt and K^-^, and therefore no assumptions 
are required on the functional dependencies Ci(a) and 
Q(«)-
3.3 Minimum power coefficient rotor without 
root-tip losses 
The MPR is a rotor which minimizes the power 
coefficient, CQ, for a given thrust coefficient, CT- In 
this case the control functions are again, as for the 
OR, Xi(x) = Xi(x), Xzix) = a(x) and X^ix) = a(x), but 
the function L is now 
-x^[-XiCi(a) + xCd(oc)] (32) 
The value of the Lagrange multiplier, v, results in 
V = IX — ki + x/K(a) and equation (18) yields the 
following expression 
Ax'-X 2 , 2 da 
1 
Kia\ 
0 (33) 
which, assuming that 4x^^ 7^  0, implies equation 
(28). Thus it is shown that as well as in the case of 
the OR, the MPR operates at the angle of attack that 
maximizes the aerodynamic efficiency. However, in 
the case of the MPR the following expression for the 
induced velocity is obtained 
11 
Km 
(34) 
which indicates that the induced velocity is a linear 
function of x. Using equation (34) in equation (10) the 
value for fi is obtained and the induced velocity 
results in 
A/ 
12(1 - x|)x + 8(x | - 1) - ^ 
18(1 - x2 )^„^ 
with A given by 
A= 
(35) 
2 V 2 J - l + 9 x | - 1 6 x | + 9 x 4 - x | + ^ i ^ ^ ^ ^ ( l - x 2 ) 
The optimum solidity can be expressed as 
2 [I2x(x2 - 1) + 8(1 - x | ) + Af 
or(x) 
81 
-%iax^',opt(l % ) ^ 
(36) 
(37) 
and finally, the optimum pitch angle distribution for 
the MPR is given by 
12x(x2 - 1) + 8(1 -xl)+A 
6{x) = a. opt ioAmaxX (38) 
It should be remarked that equation (38) is also a 
hyperbolic function of the dimensionless radial posi-
tion, as well as in the ITR and OR cases. Using the 
above results in equations (4) and (5), the expressions 
that define the induced and profile power coefficients 
as a function of both the thrust coefficient and the 
maximum aerodynamic efficiency, can be expressed 
as 
CQ. 
and 
i=0 
14580 v-3 (\ _ r^Y (39) 
CQB 
1 
8 
E &-4 
i=0 (40) 
1 2 1 5 ^ ^ ( 1 + X B ) ( 1 - X 2 ) 
where the functions hi and g, are 
/zo = 64 + 120^+5^^/ i i = 0, ;i2 = -1728 - 1080A 
h3 = 6720 + 1920A h = -12096 - 1080^, hs = 12096, 
hs = -(6720 - 120^), hj = 1728, /ig = 0, fc, = - 6 4 
(41) 
and 
go=gi = 3 2 - lOA + 5A^,g2 = -n2 + 80A + 5A^, 
g3 = -352 - 80^, gi = 800 + 10A, gs = -352 + 10^, 
g6 = - 1 1 2 , g 7 = g 8 = 3 2 
(42) 
As in the case of the OR, it should be pointed out 
that results (35) and (37) to (40), depend only on the 
prescribed CT, C^opu «opt> and K^aK values, and 
therefore no assumptions are required on the func-
tional dependencies Ci(a) and Cd(a). 
If ^max » 1 is assumed, equation (35) can be 
expanded in terms of l/K^ax yielding 
C T 
' 2 ( l - x ^ ) 
'2^ 4 (1 -x | ) -
3 9(1-xlX 
1 
^ i n 
O 1 
(43) 
Expression (43) shows that when the maximum aero-
dynamic efficiency tends to high values, the induced 
velocity which minimizes the power coefficient tends 
to the value corresponding to the traditional ITR and 
OR, expression (22). In other words, the induced 
velocity of the MPR is equal to the one that minimizes 
the induced power coefficient, plus a linear function 
of the dimensionless blade span position of order 
1/^max- It must be noted that this correction is of 
the same order as the minimum order retained in 
the linearized equations of the BEMT, that is Q . 
3.4 Optimization with tip-root losses 
The BEMT model applied in sections 3.1 to 3.3 does 
not include root or tip losses in the optimization pro-
cess. Therefore, the optimum geometries obtained 
are likely to present unrealistic predictions of the 
rotor performances. In order to obtain geometries 
closer to the real optima, in this section, the OR and 
MPR including tip and root losses function defined in 
equation (2) are obtained. In what follows, the acro-
nyms ORL and MPRL are used to identify the OR and 
MPR with root and tip losses. 
In the case of the ORL, the optimization problem is, 
by definition, solved again in two steps. First the con-
dition of minimum induced power coefficient, i.e. Lis 
given by equation (20), is applied. The consideration 
of the tip and root losses in the optimization requires 
the inclusion of an appropriate model for F{A,) 7^  1 
(like the one presented in equation (2)) in equations 
(9) and (17). Now, solving equation (9) for cr{x), (19) 
for v{x) and substituting the obtained values in equa-
tion (17), a new equation for A,{x) is obtained with the 
form 
2/xF(Xi) - X] dF(Xi) dXi 3F(Xi) - 11 
AF{Xi) 
dXi 
0 
(44) 
which, together with the two-point boundary-value 
problem (10), allows one to numerically obtain a 
solution for fi and A,{x). It should be remarked that, 
as will be shown in section 4, equation (44) yields a 
function A,{x) that varies strongly with x at the root 
and tip blade regions. 
In a second step, the profile torque, CQ^, is mini-
mized. As in subsection 3.2, in this minimization 
problem, the angle of attack is the only control func-
tion, and therefore the first identity in equation (27) 
also applies here, yielding, in this case, the functional 
/[«(x)] f- x^ Q(Q!)dx 
Jx, 
4XJF(Xi)K-\a)x^dx (45) 
whose minimization gives rise to equation (28), 
meaning that the blade sections must operate at 
their optimum angle of attack, ojopt, and therefore 
Q{a)=Qopt> Q{Q;)=Q,opt and K{a)=K^^, From equa-
tion (9) the local solidity is expressed by 
or(x) 8XJF(Xi) 
XL/opt 
and the pitch angle, 6{x), is 
e(x). 
'opt 
Xi(x) 
(46) 
(47) 
Observe that now neither a{x) nor 6{x) are hyperbolic, 
as in the case of the traditional OR, since A,{x) and 
F{Xi) introduce additional dependencies on the 
radial position, x. The induced and profile torque 
coefficients are obtained from expressions (4) and (5). 
In the case of the MPRL, when the tip and root 
losses are considered, equations (9) and (17) are for-
mally identical to the case of previously developed 
ORL. The function L is now given by (32). Solving 
equation (9) for a{x) and equation (19) for v{x), and 
substituting both results in equation (18), gives 
Ax'FiXdXJ da 
1 
Kia\ 
0 (48) 
where it has been considered that QCa) = Ci{a)/K{a). 
Observe that equation (48) indicates again that the 
blade sections must operate at their optimum angle 
of attack. After imposing the condition a = ojopt and 
the solutions previously obtained for a{x) and v{x), 
equation (17) results in 
3Xi - 2 
x + ixKj 
Km 
max \ T,r, X 
^ x + iJ.Km^\dF{Xi) 
KmoK I dXi 
0 (49) 
The solution of equation (49) along with the two-
point boundary-value problem (10) allows one to 
numerically obtain the value of [i and the radial dis-
tribution of the induced velocity A,{x). Finally, the 
induced and profile torque coefficients are obtained 
from expressions (4) and (5). 
4 DISCUSSION 
In what follows the results of the five optimization 
problems above analysed, ITR, OR, MPR, ORL, and 
MPRL, are presented. In all cases the number of 
blades considered is b = 3 and the root cutout is Xjj 
= 0.1. The five rotors have been determined to obtain 
the same given thrust coefficient, CT = 0.005. The air-
foil for all the rotors is a NACA-0012. Following the 
data presented in reference [22] for a Reynolds 
number of 8 x 10*, the slope of the lift coefficient of 
a linear fit is C^a = 5.73, and the drag coefficients of a 
parabolic fit are 0^ = 0.0150, ^i ^ 0.0 and 2^ = 1.3709. 
Using these values of the lift and drag coefficients, the 
maximum aerodynamic efficiency is Kmax = 20.0 and 
the optimum lift coefficient is C^ opt = 0-59, which 
correspond to an optimum angle of attack aopt =5.99. 
The ITR has one degree of freedom which is the 
value of the uniform solidity. In order to compare 
the five optimum rotors the constant solidity of the 
ITR has been chosen as the solidity, which minimizes 
the power coefficient. In order to achieve this condi-
tion, the solidity which minimizes the profile power 
coefficient is obtained from the expression dCqJ 
d(T = 0. Taking into account expressions (24) and 
(25), and using the value of the angle of attack at the 
tip, that is a = 4Cr[(l — xj^jaCiaV^, the following 
optimum value of solidity is obtained 
4V2C7 
Q,Opt(l ~ ^ij)v 1 + ^R 
(50) 
When the above-mentioned values are used, the 
solidity of the ITR which minimizes the power coef-
ficient is a =0.047. 
The radial distributions of dimensionless induced 
velocity are presented in Fig. 1. In the cases of the 
traditional ITR and OR, an equal constant value 
along the blade span, given by expression (22), is pre-
sented, whereas for the MPR, the linear distribution 
given by equation (35) is shown. Observe, that the 
MPR compared with the ITR and OR, presents a 
value of ki 36 per cent higher in absolute value 
(more downwash) at the blade root and 24 per cent 
lower in absolute value (less downwash) at the tip. 
The difference is important in this case owing to the 
low value of the maximum aerodynamic efficiency 
(iCmax = 20) as is shown in equation (43). 
When root and tip losses are considered in the opti-
mization process, the respective uniform and linear 
distributions of k, of the OR and the MPR are modified 
significantly. The downwash decreases in the regions 
close to the root and tip, whereas it increases at the 
middle of the blade, keeping, in this blade region. 
approximately, uniformity in the case of the ORL, 
and linearity in the case of the MPRL. 
Figure 2 shows the solidity of the five rotors. As 
already mentioned, when neither root nor tip losses 
are considered, both the OR and MPR exhibit a hyper-
bolic dependency, but the OR presents lower solidity 
at inner sections of the blade, while the MPR shows a 
lower solidity at the outer sections. Root and tip 
losses, in the ORL and MPRL, make the local solidity 
tend to zero both at the root and the tip. The maxi-
mum local solidity is significantly decreased when 
root losses are considered. Hence, in the case of 
the OR compared to the ORL, this reduction is from 
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Fig. 1 Optimum distributions of induced velocity for 
the ITR with solidity a = 0.047, OR, MPR, ORL, 
and MPRL for a given thrust coefficient 
CT = 0.005 and NACA 0012 airfoils at 
Reynolds number of 8x10*. The number of 
blades is b = 3 and the root cutout is XR=0.1 
Fig. 2 Optimum distributions of solidity for the ITR 
iff = 0.047), OR and MPR, ORL and MPRL for 
the conditions reported in Fig. 1 
orinax = CT{0.1) ?» 0 .37 d o w n tO (Tmax = ^ ( 0 . 1 5 ) ?» 0 .18 . I n 
the case of the MPR compared with the MPRL, this 
reduction is from (Tmax = or{0.1) ?» 0.6 down to (Tmax = 
o-{0.18) ?» 0.295. 
The reduction of the maximum value of the opti-
mum solidity distribution as well as the change of its 
radial location to higher x values, is a beneficial effect 
of root losses, from the point of view of the manufac-
turability of the rotor. As an example, the layouts of 
the four rotors OR, ORTL, MPR, and MPRTL are 
depicted in Fig. 3, for the conditions defined at the 
0.15 
-0.0S 0 0.0S 
X [m] 
0.15 
Fig. 3 Geometry of a three blade for the cases OR, 
MPR, ORL, and MPRL for the conditions 
reported in Fig. 1 and radius of 0.15 m 
beginning of this section and for a rotor with radius 
i?= 0.15m. 
Figure 4 shows the pitch angle distributions. The 
value corresponding to the ITR at the inner section 
is remarkably higher compared to both the OR and 
the MPR while at the outer sections this tendency is 
reversed. The inclusion of root and tip losses does not 
significantly change the radial distribution of the 
pitch angle. In the case of the OR, MPR and their 
corresponding counterparts with root and tip losses, 
ORL and MPRL, the maximum value of the pitch 
angle is less than 45°, which is perfectly realizable. 
The aerodynamic efficiency is shown in Fig. 5. Only 
the ITR presents a non-constant distribution of K 
since the angle of attack is not constant. In fact, the 
angle of attack of this rotor shows a hyperbolic radial 
dependency. In the case of the OR, MPR, ORL, and 
MPRL, the aerodynamic efficiency corresponds to the 
maximum value as was obtained in equation (27) for 
the OR and ORL and in equations (33) and (48) for the 
MPR and MPRL respectively. It must be remarked 
that the authors consider that ojopt, Q,opt> and Kj^ax 
are constant along the blade span. Obviously this is 
not exactly true since the local Reynolds number 
based on the local velocity and the chord of the 
blade section is not constant. However, within the 
scope of this paper this hypothesis is considered 
accurate enough. 
In order to illustrate the differences found in the 
performances of the five rotors, the radial distribu-
tions of thrust coefficient are shown in Fig. 6. The 
five dCy/dx distributions have the same integral 
value CT = 0.005. The ITR and OR present the 
known linear distribution. The MPR presents a 
? 0,2 0,3 0,4 0,5 0,5 0,7 0,S 0,9 
Fig. 4 Optimum distributions of pitch angle for the 
ITR (cr = 0.047), OR and MPR, ORL and MPRL 
for the conditions reported in Fig. 1 
Fig. 5 Optimum distributions of aerodynamic effi-
ciency for the ITR (cr = 0.047), OR and MPR, 
ORL and MPRL for the conditions reported in 
Fig. 1 
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Fig. 6 Radial distributions of thrust coefficient for the 
ITR (cr = 0.047), OR and MPR, ORL and MPRL 
for the conditions reported in Fig. 1 
much more uniform distribution along the blade 
span, which can be interpreted as a design advantage, 
since the bending moments at the root will be less 
than in the ITR and OR. Root and tip losses make 
the values of the distribution zero at the root and 
at the tip. Again, in the MPRL, the inner blade sections 
contribute more to the CT than in the ORL. The ten-
dency in the outer blade sections is inverted. Observe 
that the maximum value of dC^/dx for the MPRL is 
reduced significantly and moves towards the root 
compared to the ORL. This characteristic is likely to 
mean an advantage in the structural design of the 
blade coupling at the root, probably giving rise to 
lighter blade designs. This goal is one of the four 
main challenges for the development of MAV identi-
fied in reference [1]. 
The induced power coefficient distribution is 
shown in Fig. 7. As is well known, the radial distribu-
tion of the induced power coefficient of the ITR and 
OR is a linear one. It is shown, however, that the 
induced power of the MPR is a non-linear distribution 
which, compared with the ITR and OR, is higher at the 
inner blade sections and lower at the outer sections. 
The MPR presents a much more uniform radial dis-
tribution of dCQ,/dx compared with both the ITR and 
the OR. This result is similar to the one obtained for 
the distribution of thrust coefficient. Root and tip 
losses make the value of the induced torque distribu-
tion go to zero at the blade extremes. It is remarkable 
that the MPRL presents a much flatter radial distri-
bution compared to the ORL. This characteristic 
dominates, as is shown below, the shape of the total 
torque coefficient distribution. 
The profile power coefficient (Fig. 8) of the ITR is 
evidently higher than the profile power of the OR. In 
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Fig. 7 Radial distributions of induced power coeffi-
cient for the ITR {a = 0.047), OR and MPR, 
ORL and MPRL for the conditions reported in 
Fig. 1 
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Fig. 8 Radial distributions of profile power coefficient 
for the ITR (cr = 0.047), OR and MPR, ORL and 
MPRL for the conditions reported in Fig. 1 
addition, the OR presents a lower profile power coef-
ficient at the inner sections, while, at the outer sec-
tions, the MPR shows a lower profile power 
coefficient. The effect of the root and tip losses is 
similar in this case. As is expected, the distributions 
go to zero at both blade extremes for the ORL and the 
MPRL since a{x) does in both cases. 
Finally, Fig. 9 shows the total power coefficient. It 
can be seen that the ITR power coefficient distribu-
tion is higher than that for both the OR and MPR. The 
MPR presents a flatter distribution of total torque 
coefficient. When root and tip losses are considered, 
the ORTL and MPRL distributions tend to zero at the 
blade extremes, as expected. The radial distribution 
for the MPRL is flatter, and the corresponding maxi-
mum value is less compared with that of ORL, and it is 
located at a significantly smaller radial position. 
Table 1 summarizes the global power coefficients 
and shows the global value of induced, profile and 
total power coefficients for the five rotors. It is clear 
that both the ITR and OR present the minimum 
induced power while the MPR exhibits the lowest 
value of profile power. The reduction of profile 
power of the MPR is high enough to ensure that the 
MPR requires the minimum amount of total power, 
as expected. Root and tip losses increase the power 
consumption, but even considering this effect, the 
power saving of the MPRL compared to the ORL is 
about 1.7 per cent. As is analysed below, this power 
saving increases significantly for lower values of CT 
and KmzK-
Figure 10 represents the ratio between the induced 
power coefficients of the MPR and OR as a function of 
the given thrust coefficient, CT, with the maximum 
aerodynamic efficiency, Kj^ax, as a parameter. The 
induced power coefficient ratio between the MPR 
and OR is, as expected, higher than one owing to 
the fact that the OR minimizes the induced power 
, ) L I O 
coefficient and therefore the induced power of the 
OR is a minimum. However, the MPR presents an 
induced velocity which is not constant with respect 
to the dimensionless blade span position, therefore 
leading to an induced power coefficient which is not 
minimum. The ratio increases significantly as the 
values of CT and Kj^ax decrease. The value for this 
ratio is about 1.34 for CT = 0.002 and Kj^^x = 10 
when neither root nor tip losses are considered. The 
difference is reduced when root and tip losses are 
taken into account. For high values of Kmax the ratio 
is almost one. 
The ratio of profile torque coefficient follows the 
opposite trend (Fig. 11). It is less than one, indicating 
that the profile torque coefficient is lower for the MPR 
compared to the OR. The reduction of CQ„ for the 
MPR reaches 32 per cent for CT = 0.002 and Kj^ax = 
10. The effect of root and tip losses is to reduce this 
difference, hence the MPRL presents a 29 per cent 
reduction in CQ„ compared to the ORL. As in the 
case of the induced power coefficient, the differences 
between MPR and OR, and between the MPRL and 
Fig. 9 Radial distributions of total power coefficient 
for the ITR (cr = 0.047), OR and MPR, ORL and 
MPRL for the conditions reported in Fig. 1 
Fig. 10: Ratio of global induced power coefficients 
between MPR and OR without and with 
root-tip losses (NL and L respectively) as 
functions of global thrust coefficient for sev-
eral values of maximum aerodynamic effi-
ciency. The number of blades is b = 3 and 
the root cutout is XR=0.1 
Table 1 Global power coefficients for the ITR with solidity a = 0.047, OR, MPR, ORL, and 
MPRL for a given thrust coefficient CT = 0.005 and NACA 0012 airfoils at Reynolds 
number of 8x10''. The number of blades is b = 3 and the root cutout is Xj}=0.1 
ITR OR MPR ORL MPRL 
2.512x10-
1.777x10" 
4.289x10" 
2.512x10" 
1.682x10" 
4.194x10" 
2.602x10" 
1.503x10" 
4.105x10" 
2.580x10" 
1.647x10" 
4.227x10" 
2.653x10" 
1.502x10" 
4.155x10" 
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Fig. 11 Ratio of global profile power coefficients 
between MPR and OR without and with 
root-tip losses (NL and L respectively) as 
functions of global thrust coefficient for sev-
eral values of maximum aerodynamic effi-
ciency. The number of blades is fo = 3 and 
the root cutout is Xij= 0.1 
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Fig. 12 Ratio of global total power coefficients 
between MPR and OR without and with 
root-tip losses (NL and L respectively) as 
functions of global thrust coefficient for sev-
eral values of maximum aerodynamic effi-
ciency. The number of blades is fo = 3 and 
the root cutout is Xj}= 0.1 
ORL are less as CT and Kj^ax increase, thus the 
differences in CQ„ go down to 2 per cent for 
CT = 0.01 and K^^^ = 100. 
The ratios of the total power coefficient of the MPR 
to the one of the OR and their counterparts with root 
and tip losses are presented in Fig. 12. The overall 
behaviour of the results shows that the OR does not 
minimize the total power coefficient. The MPR evi-
dently requires lower power than the OR, because the 
reduction of the profile power coefficient of the MPR 
outweighs the increase of its induced power coeffi-
cient when it is compared to the OR. It is also worth 
observing that the differences between the MPR and 
OR are higher when CT and Kmax are lower, yielding a 
remarkable saving of power consumption. The effect 
of root and tip losses is to slightly decrease the reduc-
tion in power consumption of the MPRL compared 
with the ORL. The reduction in CQ reaches a value of 
10 per cent for CT = 0.002 and Kj^ax = 10. The saving 
in CQ for high values of CT and Kj^ax is almost 
negligible. 
Regarding the figure of merit (FM), the relative 
difference between the MPR and OR and their corre-
sponding counterparts including root and tip losses 
are shown in Fig. 13. It can be observed that the 
relative difference of the FM increases, not only 
when the maximum aerodynamic efficiency is low, 
but, also, when the thrust coefficient is low. 
Therefore the situation in which the OR and MPR 
differ more, corresponds to low thrust coefficient 
and low maximum aerodynamic efficiency values. 
As is mentioned in section 1, this situation usually 
1.15 
::S:::£-»-»-»-
6 
c,[-i :10-' 
Fig. 13 Relative difference of FM between MPR and 
OR without and with root-tip losses (NL and 
L respectively) as functions of global thrust 
coefficient for several values of maximum 
aerodynamic efficiency. The number of 
blades is b = 3 and the root cutout is XR=0.1 
appears in the design of rotary wing MAV. Root and 
tip losses moderate the improvement of the FM of the 
MPRL compared to the ORL, reaching an increment 
of 10 per cent for CT = 0.002 and K^^^x = 10. 
Figure 14 shows the comparison for the FM of the 
OR, MPR, ORL, and MPRL with experimental results 
presented in reference [23] with respect to the thrust 
coefficient. The experimental results obtained from 
reference [23] correspond to two rotors, both with a 
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Comparison of FM for the MPR, OR, MPRL, 
and ORL with respect to experimental data, 
of a MAV rotor blade at Reynolds number of 
27x10^ where FMEXP, r stands for experimen-
tal FM of twisted blade, FMEXP, V stands for 
experimental FM of untwisted blade, after ref-
erence [21] 
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Fig. 15 Ratio of FM between MPRL and experimental 
values of an actual MAV rotor, for a Reynolds 
number of 27x10^. FMEXP, r stands for experi-
mental FM of twisted blade, FMEXP, V stands 
for experimental FM of untwisted blade, after 
reference [21] 
solidity of a= 0.118, one untwisted, and the second 
one with a —10 degrees linear twist. The airfoil of the 
blade is an 8 per cent camber flat plate and the aero-
dynamic lift and drag coefficients have been deter-
mined using BEMT along with the experimental 
data of the untwisted blade, as is reported in refer-
ence [23]. The maximum aerodynamic efficiency is 
i<r„iax = 9-8 and the optimum angle of attack 
Q!opt = 9.8 degrees. Using these values, the OR, ORL, 
MPR and MPRL are completely defined. As can be 
seen, the lower the value of the thrust coefficient, 
the greater the difference between the OR and MPR 
with the experimental data. The maximum aerody-
namic efficiency is about 10, hence, this value is low 
enough to yield an important difference between the 
FM of the OR with respect to the MPR, which repre-
sents the upper bound. As stated in reference [23], the 
differences between twisted and untwisted configu-
rations are not very important. However, as also indi-
cated, the profile power plays a fundamental role in 
power losses and therefore the MPR shows the impor-
tance of defining not only the appropriate twist 
distribution, but also the chord distribution, in 
order to obtain the maximum aerodynamic perfor-
mance in hover. Observe that when root and tip 
losses are considered, both, the ORL and MPRL per-
formances are closer to the experimental results. 
Figure 15 shows, depending upon the value of the 
thrust coefficient, that the improvement in the FM is 
about four times the experimental value at low thrust 
coefficient values, while at high values is about 10 per 
cent higher. 
5 CONCLUSIONS 
In this article calculus of variations has been used to 
define five optimum rotors. Two of them correspond 
to the well-known ITR and OR. The third rotor ana-
lysed in this paper is the rotor which minimizes the 
total power coefficient, MPR. 
An interesting result is that the MPR does not pro-
duce a constant induced velocity along the blade 
span. Moreover, the induced velocity radial distribu-
tion is a linear one. As far as the authors know, the 
MPR obtained in the present paper has not been 
reported in the literature before. Also, the derivation 
from a calculus of variation approach of the well-
known ITR and OR has not been reported before. 
The results presented herein are valuable and 
interesting in themselves for two reasons. First, 
from an educational point of view, the use of calculus 
of variations is an excellent tool to show students a 
rigorous mathematical demonstration of the solidity, 
twist, and induced velocity distributions of the ITR, 
OR, and MPR. Second, calculus of variations can be 
used with more complex simulation models and the 
final optimization problems will also be more com-
plicated to deal with. Evidently, in this case, the 
problems should be tackled with numerical methods 
in order to obtain the corresponding solution. 
The MPR tends to the OR when the aerodynamic 
efficiency is high enough. This behaviour opens an 
important practical application for the MPR owing 
to the low values of aerodynamic efficiency that 
rotary wing MAV exhibit. 
When both root and tip losses are included in 
the optimization process, the optimum solidity is 
significantly changed at the blade root and tip, leading 
to more realizable rotors. For maximtim aerodynamic 
efficiency of about 10, the ratio between the FM of the 
MPRL and that of the ORL can be about 3 per cent for 
high values of thrust coefficient, about 0.01, and of 
11 per cent for thrust coefficient about 0.002. 
Finally, and considering the blade shape of the 
MPRL obtained, its implementation to MAV could 
lead to new designs in this leading technological 
field. Of course, a trade-off between aerodynamic 
performance and simple manufacturing of MAV 
rotor blades would be encountered. The MPRL 
obtained in this paper should stimulate micro air 
vehicles manufacturing processes that permit the 
production of more complex geometry rotor blades. 
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APPENDIX 
Notation 
b 
Cd 
C(i,opt 
Q 
Q,a 
Q.opt 
CQ 
CQ, 
number of blades 
drag coefficient 
drag coefficient at which the aerodynamic 
efficiency is maximum 
lift coefficient 
lift coefficient slope 
lift coefficient at which the aerodynamic 
efficiency is maximum 
power coefficient 
induced power coefficient 
CQ„ profile power coefficient 
CT thrust coefficient 
CT given value of thrust coefficient 
F Root-tip losses function 
/ functional 
/* augmented functional 
K aerodynamic efficiency 
^max maximum aerodynamic efficiency 
L objective function 
n number of control functions 
Xi control function 
X dimensionless position along the blade 
Xj{ dimensionless position of the root cutout 
a angle of attack 
Q!opt angle of attack at which the aerodynamic 
efficiency is maximum 
8 variation 
80,81,82 profile drag parameters, 
Cd = 80+ 8ia + 820^ 
Xi dimensionless induced velocity 
fi Lagrange multiplier 
V Lagrange multiplier 
a rotor local solidity 
6 pitch angle 
Operators 
d 
9 
derivative 
partial derivative 
Acronyms 
BEMT 
FM 
ITR 
MAV 
MPR 
MPRL 
OR 
ORL 
blade element momentum theory 
figure of merit 
ideal twist rotor 
micro air vehicle 
minimum power coefficient rotor 
minimum power coefficient rotor with 
root-tip losses 
optimum rotor 
optimum rotor with root-tip losses 
